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Abstract
Due to the boundary effects, the standard definition of the integrated density of the states (i.d.s. for short)
used in [F. Fidaleo, Harmonic analysis on perturbed Cayley Trees, J. Funct. Anal. 261 (3) (2011) 604–634],
does not work for nonamenable graphs like Cayley Trees and density zero perturbations of those. On the
other hand, Proposition 2.3 in the previous mentioned paper works under the right definition we are going
to describe, and which is useful for all the applications. For the sake of completeness and the convenience
of the reader, we also show that both the definitions coincide in the amenable case.
© 2012 Elsevier Inc. All rights reserved.
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1. Integrated density of the states
In the present note we use the notations of [1]. In addition, we use the following definition of
amenability. Let K ⊂ G be a subgraph of a graph G which is always supposed to be connected.
Define for r ∈N,
∂rK :=
{
x ∈ VG\VK ∣∣ dist(x,K) r}.
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lim
n
|∂rKn|
|VKn| = 0, r = 1,2, . . . . (1.1)
The graph G is said to be amenable if it admits an amenable exhaustion. It is well known that
the Cayley Tree Gq is nonamenable whenever q > 2.
Let G be any (connected) graph equipped with an exhaustion {Kn}n∈N which is kept fixed in
the sequel. Consider on B(2(VG)) the state
τn := 1|VKn| Trn(Pn · Pn),
Pn being the selfadjoint projection onto 2(VKn). Define for a bounded operator B ,
τ(B) := lim
n
τn(B), B ∈Dτ , (1.2)
where the domain Dτ is precisely the linear subspace of B(2(VG)) for which the limit in (1.2)
exists. In addition, define for a bounded selfadjoint operator B ,
τB
(
f (B)
) := lim
n
τn
(
f (PnBPn)
)
, f ∈ C(σ(B)), (1.3)
provided such a limit exists. The domain DτB ⊂ C∗(B) is precisely the linear subspace of the
unital C∗-algebra C∗(B) ⊂B(2(VG)) generated by B , for which the limit in (1.3) exists. Notice
that the definition of τ , τB depends on the chosen exhaustion which we keep fixed during the
analysis.
Suppose now thatDτB = C∗(B). Then it provides a state on C∗(B) and, by the Riesz–Markov
Theorem, a Borel probability measure μB on σ(B). Thus, there exists a right continuous, increas-
ing, positive function FB satisfying
FB(x) = 0, x < minσ(B); FB(x) = 1, x maxσ(B),
such that
μB
(
(−∞, x])= FB(x), x ∈R.
Definition 1.1. The previous described cumulative function FB is called the integrated density
of the states associated to B , provided it exists for the chosen exhaustion.
Let A be the adjacency operator of the Cayley Tree Gq . Proposition 2.3 of [1] assures the
existence of the i.d.s. for such an operator. It becomes
Proposition 1.2. DτA = C∗(A) and
τA
(
f (A)
)= ∫ f (‖A‖ − x)dF(x),
where the Laplace transform of F is the function given in (2.5) of [1].
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According to the present notations, Proposition 2.5 of [1] assumes the form
Proposition 1.3. Let Y be a negligible perturbation of the tree X. Then D(τAY ) = C∗(AY ), and
τAY
(
f (AY )
)= τAX(f (AX)). (1.4)
Proof. Although the estimation (2.10) is correct and leads to the result also in the present situa-
tion, the proof considerably simplifies as follows. The Krein Formula
(PnAYPn)
k − (PnAXPn)k =
k∑
l=1
(PnAYPn)
k−lDXY (PnAXPn)l−1,
together with the analogous of (2.10) of [1]
∣∣τn((PnAYPn)rDXY (PnAXPn)s)∣∣ ‖AY ‖r τn((PnAXPn)sD2XY (PnAXPn)s)1/2
 ‖AY ‖r‖AX‖sτn
(
D2XY
)1/2
,
leads to the assertion, by taking into account that Y is a density zero perturbation of X. 
2. Amenable case
Due to the boundary effects, it is in general unclear whether the existence of the i.d.s. FB for
B implies the existence of that Ff (B) of f (B), where f is a continuous real function on the real
line. In addition, it is unclear whether we can express Ff (B) in terms of FB , provided both exist.
We now prove that this is not the case when the graph is amenable and the operator B has finite
propagation.
Let G be an amenable graph equipped with an amenable exhaustion {Kn}n∈N. Fix a finite
propagation bounded selfadjoint operator B ∈ B(2(VG)). In some pivotal situations (see [2]
and the literature cited therein) it can be proven that DτB = C∗(B). We assume that this is the
case.
Theorem 2.1. Let G be an amenable graph and B ∈B(2(VG)) a finite propagation selfadjoint
operator with i.d.s. FB . For every bounded continuous real functions on the real line f,g we get
τf (B)
(
g
(
f (B)
))= τB((g ◦ f )(B))= τ((g ◦ f )(B)). (2.1)
Thus
Ff (B)(y) =
∫
χf −1((−∞,y])(x)dFB(x). (2.2)
Proof. To prove (2.1), it is enough to show τB(F (B)) = τ(F (B)) for each bounded continuous
function F on the real line. By a standard approximation argument, we can reduce the matter
to monomials F(x) = xk , k ∈ N. As the involved operators are finite rank (due to the presence
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B(2(VG)). Let r be the propagation length of B . We get
PnB
k = (PnB)k +
k−1∑
l=1
(PnB)
lQn,rB
k−l ,
where Qn,r is the orthogonal projection onto 2(∂rKn). We then get
∣∣τn(PnBk)− τn((PnBPn)k)∣∣ k−1∑
l=1
1
|VKn|
∣∣Tr(Bk−l (PnB)lQn,r)∣∣
 ‖B‖k(k − 1)
√
|∂rKn|
|VKn| → 0
by the amenability assumption (1.1).
Once having established (2.1), we get for every continuous real functions f,g on the real line,
∫
g(y)dFf (B)(y) = τf (B)
(
g
(
f (B)
))= τ((g ◦ f )(B))
= τB((g ◦ f )(B))= ∫ g(f (x))dFB(x).
The assertion follows as, in our situation
∫
g(y)dFf (B)(y) =
∫
g(f (x))dFB(x) is equivalent
to (2.2). 
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